I. INTRODUCTION

L
IGHTNING is a real threat in flight [1] , in particular during takeoff and landing. Statistically averaged, every aircraft has a chance of one lightning strike per year. The European project ILDAS [2] aims to develop and validate a prototype of a system capable to measure and reconstruct lightning current waveform in-flight, to localize the attachment points of the lightning and the current trajectory after strike, and to create a database of events. The acronym ILDAS is derived from "In-flight Lightning Strike Damage Assessment System." The goal is to assess the severity shortly after a lightning hit and to reduce maintenance time after landing. An extensive description is given in [3] . ILDAS is triggered by changes in the electric field at the aircraft. Sensors then determine the magnetic field induced by the current at twelve positions, retaining pre and post trigger data over the time span of 1 s. The selection of the number and positions of the sensors is described in [4] . After landing, the data are compared with possible field distributions derived for a number of current path scenarios [3] , and the most likely is determined.
Three magnetic field sensors were developed [5] . The first is a small high-frequency (HF) coil with bandwidth up to 20 MHz to measure the strokes, similar to the one used in [6] is a low-frequency (LF) coil to measure the small continuous current part of the lightning current. It is mounted inside a properly designed shield to discriminate the intense but fast magnetic field of the strokes. Both HF and LF coils with their integrators and data storage units are mounted at the outside of the aircraft, under covers or in fairings. We proposed a third inductive sensor, which can be embedded in a window inside the aircraft. This sensor avoids protrusions that would obstruct the airflow around the fuselage. No signal feed-through passing the hull is needed either. The window sensor has good sensitivity and large bandwidth, but, as described here, a limited response at LF. The topic of this paper is the mathematical analysis of this sensor mounted on a circular window. The optimal sensor position is in the plane of the fuselage. The deviations of the sensitivity for less than optimal configurations has been analyzed mathematically to obtain information on critical points in sensor mounting procedures. A number of experimental studies have been carried out. First measurements have been performed on a small-scale mock-up, a tube with a hole in the wall. These are discussed in this paper. Second tests using the window sensor have been carried out on a Nimrod-size aircraft. The results have been presented earlier in [7] . The third series of tests were performed on an a fuselage mock-up in Cobham, as detailed in an internal ILDAS report. The final tests of the ILDAS system were performed in July 2009 on an A320 Airbus, and the positive outcome of good recognition of the strike points has been reported in [3] . The analysis of the data on the window sensor required accurate numerical modeling of the window. The details are presented in the accompanying paper [8] .
II. OPERATING PRINCIPLE and leaves through the lower half. A sensor coil is wound in the shape of a flattened figure-eight. The sensor wire follows the central bar twice. The outer perimeters is close to the fuselage at some distance from the window. Such a coil captures the magnetic flux entering and leaving the window and sums the induced voltages in each half. The sensor output is proportional to the magnetic field that would exist parallel to the fuselage without a window. For a (large) circular fuselage with radius and a lightning current one has the simple relation (1) Since is much bigger than the window dimensions, the curvature of the fuselage can be neglected and an infinite conductive plane with circular hole can be assumed with a field at one side at large distance.
III. MATHEMATICAL APPROACH
Let us consider a circular hole with the radius instead of the rectangular window. The fuselage is regarded as a perfect conductor, i.e., no magnetic field penetrates the wall. The behavior of quasi-static fields near a circular hole in an infinitely large wall of infinite conductivity but zero thickness has been considered by Bethe [9] and reanalyzed by many authors; see, e.g., [10] . Applications range from hole coupling between waveguides to lenses for charged particle beams. We first used the approach and conventions by Kaden [11] , who analyzed the magnetic field via an expansion in spherical harmonics. The coordinate system employed is shown in Fig. 2(a) . Although pursued in [12] , this approach appeared to be less well adapted for numerical evaluation because a large number of spherical harmonics are needed to describe the magnetic potential. The higher harmonics cause fast oscillations, and as a result a slow convergence in integration if any at all. In two appendices, Kaden [11, Ch. H] proposes a second approach, referring to earlier work by Ollendorff [13, Sect. XIV]. Since both books are not available anymore and-to the authors' knowledge-these have not been translated into English, a compact description is given below, using the notation of [11] . The elliptical coordinates are related to cylindrical ones
with and , where corresponds to and to ; see also [14, Sect. 6.5] . Surfaces of constant are hyperboloids through the hole; corresponds to the plane , surrounding the hole. Constant gives ellipsoids centered around ; corresponds to the plane inside the hole. The focus of ellipsoids and hyperboloids is at , which is also . A set of shapes are drawn in Fig. 3 , which shows that the coordinates themselves account for the diverging behavior of the fields near the focus. The inverse of the transformation for reads (4) Here, we used . The inverse transformation for follows from (3). The closed-form expression of the scalar potential is (5) This potential satisfies the boundary conditions for the magnetic field : 1) at the fuselage ( , ), the perpendicular component is zero; 2) for large distances outside the fuselage ( , approaches ); and 3) inside , tends to zero as a dipole field. The flux through a surface is calculated as the integral (6) where is the unit vector on the surface .
IV. SELECTED SENSOR SHAPES
Three shapes of the figure-eight coil will be analyzed, which are given here: 1) flat sensor in the plane of the fuselage; 2) sensor with the central bar shifted inside the aircraft over the distance [see Fig. 4 (a)]; 3) flat sensor completely shifted over the distance [see Fig. 4(b) ]. The different shapes allow to study the changes of the sensor sensitivity when obstructions prohibit the optimal shape 1). It is instructive to look at the magnetic field inside the hole that can be calculated analytically. The perpendicular component is (7) with the derivatives taken at constant and at , and . The first term in the right-hand side product of (7) is . The second term is obtained by differentiating (3) to yield (8) For , the second term on the right-hand side of (8) vanishes. The final result is (9) The in-plane component is homogenous, oriented parallel to the -axis, and of magnitude (10)
A. Flat Sensor in the Plane
With the sensor against the fuselage plane, there is no flux between the outer perimeter of the figure-eight and the fuselage. The magnetic flux through a sensor of radius is obtained by integration of over the quarter circle and multiplying by 4 to yield (11) For a sensor with , one arrives at
The square-root term in (11) causes a fast decay in sensitivity for slightly smaller than . This result holds for an infinitely thin plane. Changes at the edge, for instance, a small rim, have large influence on . On the other hand, does not depend on as long as it is larger than and the coil wire is against the fuselage. The sensitivity does not strongly vary with the position of the central bar near the line in plane because the is zero there. For a displacement of the central bar by the amount in the -direction, the sensitivity varies as (13) which is easily verified by rewriting (9) in Cartesian coordinates.
B. Central Bar Shifted
As shown in Fig. 4(a) , the central bar can be shifted to the position . Assume that vertical leads at connect the wires in the bar with the perimeter of the sensor. A quick estimate of the reduction in sensitivity is possible. The horizontal field near the central bar is equal to . For small , the flux through the rectangle formed by the central bar at and at is , which is missed twice by the sensor. A first approximation of the sensitivity reduction is (14) which overestimates the actual reduction at larger . When the central bar is shifted over the distance , the flux not seen by the figure-eight sensor is (15) where evaluated at . We used an upper limit in the integration over , since the sensor central bar may be extended over the window radius by a distance ; see Fig. 4(a) . The radius of the figure-eight, which is laying against the fuselage, is increased similarly. Fig. 5 shows the resulting sensitivity as a function of distance for four values of the extension . The numerical results have been obtained with Mathematica. 1 The divergence of the field at did not pose particular problems in the integration.
C. Shifted Sensor
If the full sensor is shifted over the distance , then the flux through the cylinder between the sensor outer perimeter and fuselage is missed. The sensitivity can now be partially restored by increasing the outer perimeter to the radius . It is convenient to calculate the flux through the sensor directly via the quarter circle (16) 1 Online. Available: http://www.wolfam.com. The resulting is shown in Fig. 6 . The sensitivity of the sensor decreases approximately twice as fast with increasing as the previous sensor with only the central bar shifted (Fig. 5) because of the strong field near the circle edge, midway between the central bar ends; see Fig. 2(b) . The strong field causes a substantial loss for a sensor that remains even close to the edge. The flux missed by the sensor is approximately proportional to , as shown by the steep increase of the curve for small and , which is similar to (11).
V. SENSOR VALIDATION
A brass tube of 0.45 m in diameter and 1.5 m in length acted as fuselage mock-up. The tube is used inside-out, as it is excited internally by a thin wire near the axis with the tube as return. An 82-mm-diameter hole was made at midlength in the tube. A single-turn version of the window sensor was mounted; see Fig. 7 . The sensor wire was on the outside and was mounted midway over the window at three distances : 0, 17, and 32 mm or 0, 0.42, and 0.76, respectively. The distance was 8.5 mm or . The tube also acted as a return for the measuring circuit. We measured the induced sensor voltages caused by an excitation current of 2.1 A at 500 kHz through the inner lead: , , and . The ratios of the voltages and are plotted in Fig. 5 by the markers . In a second set of measurements, we determined the coupling between the inner circuit and the sensor by a network analyzer HP 4396A with the -parameters set HP 85046A over the frequency range up to 10 MHz. The sensor wire was at the distance 1.5 mm from the tubes cylindrical surface. Fig. 8 shows the which assumes that the tube wall can be considered flat near the window. The resulting is displayed by the solid straight line in Fig. 8 . Alternatively, one can express the sensitivity in effective flux capturing area :
. The agreement between and is within 7%; see Table I . This is acceptable if one considers the limitations of the simple model, the mechanical tolerances on the actual tube, and the accuracy of the analyzer and -parameters set (0.4 dB, equivalent to 5%).
The tube wall thickness was 1.5 mm; the finite thickness rounds the edge divergence and reduces the flux. We approximated the actual wall surface near the edge by an equi-flux surface with a smallest radius of curvature equal to half the wall thickness. The sensor sensitivity was reduced by about 15% for . This approach clearly overestimates the edge effect. Also, the position of the lead inside the tube turned out to be influential. An offset from the axis in the direction of the sensor causes the field variation at the inside wall of the tube. A distance of 1 mm larger from the hole would cause approximately a 1% smaller .
In order to determine the influence of the limited diameter of the tube, we modeled the tube with hole in a FEKO Method of Moment (MoM) approach. 2 On the tube, the triangular element sides were 3 cm, which made the set of triangles deviate from the cylindrical surface by 0.5 mm at most. The triangle sides decreased to 1 mm near the edge of the hole to deal with the diverging current and charge density there. As excitation, we 2 Online. Available: http://www.feko.info/. used two voltage sources of opposite phase at the ends of the inner wire. This arrangement ensured a predominant inductive E-field near the sensor. A fixed frequency of 2 MHz was selected. Fig. 9 shows the amplitude of and of current density over the relevant surfaces. Of course, the momentaneous values are 90 out of phase. The sensor voltage was then determined by trapezoidal integration of the electric field over the line at 1.5 mm from the hole center, extending over 8.5 mm as in the measurements. Table I also shows the resulting coupling inductance . The 1% agreement with shows that the curvature of the tube had little influence on the window sensor. As an additional check, we observed that the parallel component of the magnetic field is near to constant and equal to to within 1% over the central line of the hole, in agreement with (10) .
As mentioned in the Introduction, the window sensor has been tested on a Nimrod airplane [7] . The wave shape of the current injected on the aircraft was correctly reproduced. Small deviations were caused by the nonideal transfer function of passive integrator in the signal conditioning path. The amplitude was less than the assumed sensitivity, mostly because of the placement of the outer perimeter of the figure-eight inside the window opening, rather than against the fuselage. Here, we refer to [7, Fig. 7 ].
VI. CONCLUSION
We proposed the figure-eight sensor that can be mounted in a window inside the aircraft. The advantages are: a good sensitivity proportional to the area, ease of installation, and absence of feedthroughs in the fuselage. Also the sensor bandwidth compares well with the one for a small multiturn coil [5] . The outer perimeter of the figure-eight coil should preferentially be laid against the fuselage, at some distance of the window. The analysis presented shows how sensitivity depends on the coil position and shape assuming a homogeneous field outside the aircraft. The central bar may obstruct the view through the window. Thin wires or translucent material such as indium-tin oxide on the widow pane may reduce this inconvenience. A coil with only central bar shifted to some distance of the window seems acceptable. If the whole coil is shifted, the sensitivity depends strongly on the distance. Since the sharp window edge and the associated diverging field do not occur in practice, the sensitivity should be carefully considered for actual sensors. A nonhomogeneous outside field may occur when other nearby conductors are present. The analysis of the window sensor for such fields was outside the scope of this work. The window sensor has similarities with Janus' head: it looks to and is equally sensitive to magnetic fields generated inside the aircraft. However, the lightning-induced fields are often more intense and can be recognized easily.
Applications are not limited to aircraft. Lightning current measurements on towers for television or for windmills often rely on Rogowski (R.) coils. Ideally, an R. coil fully encircles the tower at the outside, and its output is then strictly proportional to . Being outside the tower, the R. coil itself is exposed to lightning. A large single coil is often inconvenient, and it is replaced by a number of smaller segments, each sensitive to the local magnetic field. The signals from the segments are then added. In such a case, the window sensor may also be used on any available opening in the tower. Other applications can be imagined as well: coaxial structures, such as occur in pulsed power setup. If even minute openings in the wall were available, the sensor could be placed there.
